and phenomenological [7] [8] [9] [10] [11] , have been proposed and discussed in the literature. There is great diversity in the mathematical nature of the damage variable(s) (e.g., scalar [7, 12, 13] , vectors [14, 15] and tensors [12, 16, 17] ), and thus the damage theories; this stems from the difficulty in directly measuring &dquo;damage&dquo; macroscopically and the degree of approximation with which the internal variables describe the salient aspects of the macroscopic effects of the microdefect kinematics. For a number of excellent review articles and books on this subject, see References [7] , [12] and [18] [19] [20] [21] [22] [23] [24] .
In this paper, a phenomenological, isothermal, transversely isotropic, fatigue CDM model with a scalar damage internal variable, applicable to unidirectional metallic composites, will be described. The present model is an extension of a previously validated NLCDR (NonLinear Cumulative Damage Rule) developed at ONERA (Office Nationale d'Etudes et de Recherches Aerospatiales) [10, 11, 18, 19, [25] [26] [27] [28] Figure 1 clearly illustrates the particular damage mechanisms considered in this study of the fatigue of monolithic metals. In Figure 1 , the fatigue crack initiation and growth process is illustrated [31] , and Socie et al. [32] .
The Continuum Damage Mechanics approach, which supports the previously described global measure of fatigue damage in monolithic isotropic materials, presents two theoretical deficiencies which make it inconsistent with a continuum approach: (1) Figure 2 . In short, it requires that the RVE include a sufficient number of unit cells to allow (statistically) the heterogeneous nature of the material to be homogenized.
It is difficult to give specific upper and lower bounds on these ratios (see Figure  2 ) because of lack of experimental data and experience. However [36] . Figure 3 is the extension of Figure 1 to the mesoscale; it illustrates the mesostructural damage (i.e., the microcracks and mesocracks) that might result when a composite material is subjected to fatigue loading. Here [37] .
These direction-oriented damage modes suggest the need for a directiondependent damage variable (e.g., a vector or tensor). Here, however, on the basis of the strong initial anisotropy of the composite, we assumed that the damage measure is a scalar, with the evolution of damage Hning anisotropic and associated with the preferred direction of the material. For example, if the composite is loaded in the fiber direction, the evolution of damage would be small relative to the case in which the composite is loaded normal to the fiber. However, because of the assumed scalar measure, the distribution of damage would be identical in all directions. Thus, the accumulation but not the magnitude of damage is direction dependent. The approach taken to model this damage was the stress based approach detailed in References [12] and [29] , wherein the definition of effective stress and the concept of remaining life were utilized to measure and interpret damage.
Multiaxial Statement
The NLCDR model was extended by introducing anisotropic damage surfaces with appropriate stress invariants [38] [39] [40] representing stress states that are likely to strongly influence the various damage modes in metallic composites. For instance, we assumed (1) that the transverse shear stress (h) and thus implicitly the transverse normal stress, dictates matrix cracking; (2) that the longitudinal shear stress (12) dictates interfacial degradation; and (3) that the maximum normal stress (13) (12) .
Nondimensional Uniaxial Simplification
In order to conveniently examine the behavior of a variety of composite systems, consider a uniaxial stress state Q, fibers oriented at an angle 0 from the x-axis (i.e., d, = (cos 0,sin 0,0) in the x y plane), and the introduction of the following dimensionless parameters. Here, both the maximum and mean stresses have been normalized relative to the ultimate (or static fracture) stress (Q&dquo;L ) in the fiber direction; that is, and respectively. Thus, the uniaxial simplification of Equations (11) and (12) are and where Note that ML (P), Ujl(P), uuJP), and the w and 77 ratios are independent of aH since the modification factor cancels. Again, if coo and qj are equal to 1 (i.e., the material is isotropic), then Equations (19) and (20) [29] ). Integrating Equation (17) An expression describing the accumulation of damage (for a given loading cycle) in terms of the remaining life ratio can be obtained by substituting Equation (27) into Equation (26) and rewriting the resulting equation:
Note that the accumulation of damage is nonlinear and is also a function of fiber orientation, as is the number of cycles to failure.
Similarly, if a two-level loading test is considered, one obtains, by integrating Equation (19) [29] ). To simplify and yet not limit the study, the parameters a,, and ML were taken to be independent of hydrostatic stress; that is to say, b and b' [given in Equations (13) and (14)] are zero. The isotropic baseline values assumed were those corresponding to 304 stainless steel [12] (see Table 1 ). Because material isotropy was assumed, Equation (28) becomes Equation (31) suggests that if either the mean stress (S) or fatigue ratio (~) are modified, the load level at which an endurance limit is reached is also changed; that is, as either value is increased so is the endurance level. Furthermore, Equation (31) indicates that translation of the S-N curve can be achieved by varying the parameters J~ and a. Increasing .~Ll has been shown (see Reference [29] ) to shift the S-N curve to the right (increase the number of cycles to failure at a given load), whereas increasing a shifted the S-N curve to the left (decreased the number of cycles to failure at a given load). Thus, only the product (a./1£-It), not the individual values of a and J~, is important in determining the life at a given load level. However, the actual value of a does strongly affect the damage accumulation, and therefore if any other type of damage (e. g. , creep) is present, both parameters .~ and a need to be determined explicitly. Finally, from Equation (31) one can deduce that perturbations in the parameter j8 will both translate the S-N curve and affect the abruptness of the transition from infinite life to immediate failure. Clearly, j8 = 0 is the lower limit and will give the most abrupt S-N curve for a fixed set of material parameters [29] . 
Parameters Defining Initial Transverse Isotropy
Assuming the baseline transversely isotropic material parameters given in Table 1 , we examine the modification of the S-N curve with fiber orientation (or equivalently, load orientation relative to a fixed fiber orientation; see Figure 4 ). As might be expected (since a composite material is designed to be stronger when loaded parallel to the fiber direction), both the static fracture strength and fatigue limit decreased with an increase in the fiber orientation angle. The reduction in load-carrying ability is clearly dependent on the &dquo;degree&dquo; of anisotropy and is represented in this fatigue damage model by the &dquo;&dquo; and q ratios in the ultimate stress (t3't3'~ ), fatigue limit (66f,) and normalizing stress amplitude (t3't3'm ) [see Equation (28) ]. Here, with the given baseline material parameter set, all three anisotropic functions are considered to have the same degree of initial anisotropy. In this section, an examination of the impact of perturbing the various anisotropic measures will be undertaken.
Equations (21) to (23) and (28) indicate that the angle dependency is manifested through the functions A1, A2, and A3, which are associated with the longitudinal shear, transverse shear, and normal stress components, respectively. This angle dependency is clearly shown in Figure 5 . Furthermore, Figure 5 indicates that when 0 = 0°, any changes in the measures of anisotropy (i.e., w or ~) will have no effect; this suggests that initial characterization of material parameters a, b, {3, ~ and -4k, as discussed in Reference [29] , be conducted with longitudinally reinforced and loaded specimens. Similarly, when 0 = 90°, any change in the shear &dquo;strength&dquo; measures (i.e., q., i7f,, and 71m) will not have any impact in the resulting S-N curves; this suggests that independent evaluation of the w&dquo; , wfl , and mm can be achieved by comparing the longitudinal and transverse specimen response.
Variation of w~, mn and um Figure 6 illustrates the effect on the S-N curve (corresponding to a fiber orientation of 0 = 15°) of varying the ultimate strength ratio (w&dquo; = Q&dquo;l~Qu,. Figure 7 , decreases the endurance limit and leaves the ultimate strength unchanged. Note that although the present model provides significant flexibility, in that W&dquo; and wfl can be varied independently, in reality a relationship between the ultimate strength and the endurance limit would be expected, thus placing restrictions on the ranges of these parameters.
By varying the normalizing stress ratio Ú)m, a horizontal translation of the transition portion of the S-N curve can be obtained, while the ultimate stress and fatigue limit remain unchanged. An example is shown in Figure 8 , where W_ takes on the values of 2, 4, 8, and 16, the fiber orientation is 15°, and all other parameters again remain fixed. Clearly, increasing the ratio shifts the S-N curve to the left, thereby decreasing the number of cycles to failure for a given load. Thus, by merely assuming different degrees of anisotropy for the three functions 66., ~ ~f, , and ~ ~,&dquo; , (1) either end of the S-N curve can be modified while the other end remains unchanged, or (2) the center portion can be horizontally translated, while the ultimate and fatigue limit stresses remain unchanged. This suggests that the model has sufficient flexibility to fit a broad class of materials.
The impact on the S-N curve of varying the degree of anisotropy, for example ,w., can be seen for all fiber orientation angles by plotting the functions -B~0-6'f,, / (~ ~&dquo; , and ~/ C~ (~ &dquo;, . in Figure 9 , only Q is shown versus angle of orientation 0, since the other two functions behave similarly, except for being scaled by a multiplying factor. It is evident in Figure 9 that for a specified ratio ú)u, the function ~0-6'. increases as the angle 0 increases; however, there is an angle, de- pending upon the magnitude of w., at which this rate of increase decreases. This explains the incrementally smaller changes in the response curve with increasingly larger angles (i.e., variation in the S-N curve; see Figure 4 ). Finally, another important point that can be discerned from Figure 9 is the need for W to always be greater than or equal to 11, since if w < 11, a minimum occurs in the function at an angle other than zero, which violates physical reasoning. Table 1 .
Variation of ~., r~~, and flm
Variation of the shear ratios rl&dquo; , 1111, and qm has an impact on the overall trends, but not actual magnitudes, of the S-N curve, similar to variations in the respective normal stress ratios. Examples involving the variations of each ratio are given in Reference [29] . The interaction between the shear strength and the normal strength ratio is shown in Figure 10 , for wu = 5.0, and 77. Table 1 .
CHARACTERIZATION EXPERIMENTS
The required exploration and characterization experiments for the present model are completely described in Reference [29] . Here, we want to briefly touch on the testing required, both in tension and torsion in the longitudinal and transverse directions, to define the extent of initial anisotropy (i.e., the ratios <j~, 77u 9 Wfl, -qfl, Mm, and 77_) of a hexagonally packed unidirectional composite material. Figure 12 Recently, a model metal matrix composite system (i.e., SiC/Ti 15-3) and matrix material (i.e., Ti 15-3) were used in the correlation of the present fatigue CDM model. Figure 13 shows both the correlations (lines) and the experimental data (symbols) for a 35 fiber %, longitudinal and transverse composite and the Ti 15-3 matrix material at 427°C. Table 1 lists the specific individual material parameters used. As suggested earlier, the longitudinal response was used to obtain the constants a, 0, ML , Q&dquo;L , and of,,. Then while these constants were held fixed, the three transverse data points were fit to obtain the &dquo;strengths&dquo; of anisotropy, wu Wfl , and o~. Note that the shear ratios l1u, l1fl, and 11m were all assumed to be 1.0 (i.e., isotropic in shear) and the effect of mean stress on the fatigue limit and stress amplitude (M) was neglected (i.e., b = 0) because of the lack of data.
Finally, in Figure 13 , the solid square symbol associated with the 90° response was not used in the correlation data set for the composite response 
